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Abstract
Recently, there has been a revival [17] of interest [4] in mechanisms for changing
the spin polarization of an electron beam on transmission through, or reflection
from, a magnetic surface. An understanding of these mechanisms would [17]
allow the use of an electron beam as a polarized radiation probe for magnetic
characterization, like light in MOKE and neutrons in PNR. Here, a mechanism
is described which, unlike simultaneously occurring processes proposed else-
where [17], polarizes an unpolarized incident beam without recourse to inelastic
processes.
A magnetic field leads to a Zeeman term in an electron’s Hamiltonian, which
depends on the angle θ between the electron’s spin vector and the magnetic flux.
As a result, when an electron wave is incident on the surface of a bulk magnetic
material (figure 1,) the wave-number of the transmitted wave depends on θ.
When the conditions of continuity of the wave-function, and of its first spatial
derivative, at the surface, and conservation of particles, are applied, an elec-
tron reflection coefficient is obtained which also depends on θ. Therefore, some
polarizations are preferentially reflected, while others are preferentially trans-
mitted. The amplitude reflection and transmission coefficients can readily be
converted to intensity coefficients, and averaged over an incoherent superposi-
tion of electron waves of different θ, e.g. an unpolarized incident beam. The
reflected polarization is
P = − 2eµBV B
3e2V 2 + µ2BB
2
, (1)
which can take values
− 1√
3
≤ P ≤ 1√
3
, (2)
depending on the balance between V and B.
The analysis can be extended to multi-layers using the theory of Fabry-Perot
etalons.
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Figure 1: Surface of a Bulk Magnetic Sample
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1 Introduction
1.1 Polarized Neutron Reflection
Polarized neutron reflection, or PNR, is [2, 3] an established experimental tech-
nique for the measurement of layer-dependent magnetization vector in magnetic
multi-layers. A multi-layer structure is [2, 3] modelled as a series of steps in nu-
clear potential and magnetic flux density. The amplitude reflection coefficient
for neutron waves at each step is then calculated by applying the usual [16]
boundary conditions to the spin-up and spin-down wave-functions at the step,
given the change in wave-vector produced by the potential step. The change
in wave-vector depends on the neutron’s spin direction because of the torque
exerted upon the neutron magnetic moment, by the magnetic field. Therefore,
the spin polarization of the reflected neutron beam, as a function of incident
beam energy, provides an indicator of the depth-resolved magnetization profile
of the sample.
1.2 Polarized Electron Reflection
Polarized electron reflection and diffraction are [13, 12] also established experi-
mental techniques, for the characterization of magnetic surfaces. The measure-
ment is identical to PNR except for the substitution of electrons for neutrons,
and the unavailability [10, 11] of the Stern-Gerlach experiment, either for con-
trolling the incident polarization, or for measuring the reflected polarization.
The Stern-Gerlach experiment is [13, 12] typically replaced by a Mott polarime-
ter [9, 7, 5], for measuring the reflected polarization. Electrons have significant
advantages over neutrons for this purpose: an electron beam can be produced
using a device roughly equivalent to a light-bulb filament, whereas a neutron
beam is typically produced using a nuclear reactor. Also, the magnetic moment
of the electron is nearly two thousand times that of the neutron.
Despite the long-standing use of polarized electron reflection as an experi-
mental technique, as far as we’re aware, there has been no attempt to develop a
theoretical model of the process, along the lines of that used for PNR, in order
to interpret the results in terms of the depth profile of the magnetization in
the sample. Our intention here is to produce an analysis of polarized electron
reflection similar to that of PNR by Blundell and Bland [2, 3]. If you find the
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Figure 2: Reflection of an Electron Wave by a Single Step in Electric Potential
and Magnetic Flux Density
analysis interesting, a transcript of this talk can be found on the web at this
address. The web version also includes more details of the derivations of equa-
tions, which are only sketched here. If you can stomach reading all that maths,
we’d be grateful for any comments or suggestions. If you can’t stomach reading
all that maths, I suggest you make yourself difficult to contact around October,
so you don’t end up being one of the unfortunates who have to examine my
thesis.
2 Amplitude Reflection Coefficient for an Elec-
tron Pure State, at a Single Step in Electric
Potential and Magnetic Flux Density
The first step in the analysis of reflection is to build a potential-theory model
of the sample, as a series of steps in electric potential and magnetic flux density
(figure 1, figure 2.) Next, we need to discover the amplitude reflection coefficient,
for a pure, coherent, electron wave, at a single step (figure 2.) The incident and
transmitted electron waves are modelled as plane waves, with well-defined wave-
vector components p in the plane of the interface, and qi perpendicular to the
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interface. p must be the same for all the waves, in order to satisfy the boundary
condition of continuity of the wave-function at the interface. Strictly, the eigen-
states of a Hamiltonian which includes a magnetic field are not plane waves;
more about this later (section 5.) The amplitude reflection coefficient is [16]
this:
r01 =
q0 − q1
q0 + q1
, (3)
or, for a general interface, this one:
rij =
qi − qj
qi + qj
. (4)
Next, we need to build an expression for the energy of the electrons. There
will be kinetic energy terms, along with an electrostatic potential energy, and a
term due to the torque, on the electron magnetic moment, in a magnetic field
[16]. The form used for this last term assumes a well-defined energy for all
directions of the electron spin. Strictly, only certain spin directions are eigen-
states of a Hamiltonian which includes a magnetic field; more about this later
(section 5.) This leads to this expression
qi =
(
2meE cos
2 I
h¯2
)1/2
(1 + xi)
1/2, (5)
for the perpendicular wave-vector component, where I represents an angle of
incidence, and the potential energy terms are represented by these dimensionless
numbers:
xi = yi + zi cosSi, (6)
yi =
eVi
E cos2 I
, (7)
zi = − eh¯Bi
2meE cos2 I
; (8)
I have a big enough ego to call them the Hatton numbers, but I suspect I
wouldn’t get away with it. Si is the angle between the electron spin direction
and the magnetic flux density in region i, and E is the total energy of the
incident electrons, and therefore, by conservation of energy, of all the electrons.
We now use a binomial expansion [6] for the case where the potential energy
terms are much smaller than the total electron energy, where the dimensionless
numbers we’ve just devised are small. The magnetic term associated with the
Weiss field in a ferromagnet is [15] a few tenths of an electron-volt, and the
electrostatic contact potentials in the metals which we study will not be more
than a few volts, whereas, in our experimental set-up, the incident electron In the confer-
ence talk, I
made an error,
and had to
correct myself,
here. Only the
second, cor-
rected version
appears in this
document.
energies range from a few hundred to a few thousand electron volts, so this
approximation seems reasonable. With this expansion, the amplitude reflection
coefficient is this:
rij =
1
4
xi − 1
4
xj − 1
8
x2i −
1
8
xixj +
1
8
x2j +O({xi, xj}3). (9)
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3 Reflection of an Unpolarized Beam from the
Surface of a Bulk Magnetic Sample
An unpolarized incident electron beam is [10, 11] an incoherent superposition
of pure states representing all directions of the incident spin. The polarization
of the reflected beam from any surface is, therefore, given by an average of the
polarization over all polarization directions, weighted according to the intensity
reflection coefficient for each polarization. This incoherent averaging process
(section 7.2) gives this reflected polarization from a bulk surface (figure 1)
P =
2y1z1
3y2
1
+ z2
1
+O({y1, z1})
= − 4e
2h¯meV1B1
12e2m2eV
2
1
+ e2h¯2B2
1
+O({y1, z1}). (10)
Both the term given explicitly, and the next term in the binomial expansion,
are in the direction of the magnetic flux density in the bulk material.
The most salient qualitative feature of this polarization formula is that, at
high incident electron energies, the reflected polarization is dominated by a non-
zero term, which is independent of the incident electron energy, and controlled
by the balance between the electrostatic potential and the magnetic flux density,
in the sample. This polarization can be as large as 1√
3
in either direction.
4 Multi-Layer Structures
We propose to extend this analysis to magnetic multi-layer structures, by using
the theory of Fabry-Perot etalons, as is [2, 3] already the practice in PNR. There
are infinitely many possible paths for reflection from a multi-layer structure,
indexed by how many times the electron wave “bounces” within each layer. In
the diagram (figure 3,) we can see paths with no bounces, with one bounce, and
with two bounces. For a given, pure incident wave, the reflected waves from the
various paths are superposed coherently to build the reflected wave, each term in
the coherent superposition including an amplitude factor due to the amplitude
reflection or transmission coefficient at each interface which it has encountered, In the confer-
ence talk, I
made an error,
and had to
correct myself,
here. Only the
second, cor-
rected version
appears in this
document.
and a phase factor due to the path length which it has traversed in the magnetic
layers. This will result in a spin-dependent amplitude reflection coefficient for
the whole multi-layer system, which will provide the weightings to go into the
incoherent superposition over an unpolarized incident beam. This incoherent
superposition, as for the bulk sample, will give the reflected polarization. We
expect working through the maths for this to be trivial, but time-consuming.
5 Comments on This Analysis
I promised to comment on some assumptions in this analysis. Firstly, there’s
the matter of modelling the electrons as a plane wave. This is equivalent to ne-
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Figure 3: Reflection Paths for an Electron Wave in a Single Magnetic Layer
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glecting the deflection of the electrons by the Lorentz force, which means taking
the limit of weak magnetic fields; something we’ve done in the binomial expan-
sion anyway. The same convention of neglecting this deflection was adopted
by Weber et al. [17], when they analysed the spin polarization of transmitted
electron waves.
Secondly, there’s the issue of pretending that all electron spin directions are
eigen-states of the Hamiltonian. In this we depart from the tradition of analysis
of PNR, where matrices are [2, 3] used to represent the Zeeman energy, and
the reflection coefficient, without any need for this approximation. We also
depart from the work of Weber et al. [17] on electron transmission: they regard
the Larmor precession, which is a manifestation of the fact that not all spin
directions are eigen-states of the Hamiltonian in a magnetic field, as crucial in
determining the transmitted polarization. We intend to produce a more “first-
principles” model in the near future, which will use the matrix representation
of the reflection coefficients, and therefore capture the Larmor precession, and
other spin-flip scattering effects. However, we don’t intend to devise this model
as a replacement for the one presented here, but as a complement to it. What
we’d like to do is subject both models, along with a third, completely classical,
reflection model, to experimental data, and use the well-established [14] methods
of Bayesian statistics, first to infer the parameters of magnetic flux density,
electric potential, and layer thickness, for each model, then to judge the relative
confidence which we have in each model.
One reason for not simply abandoning all but the most “first-principles” of
the models is given by Anderson [1], who points out that any system, more
complicated than a molecule of four atoms or so, is pretty well never in an
eigen-state of its Hamiltonian, so the Schro¨dinger equation doesn’t describe
the state of the system. This is because the tunnelling-like processes, which
would otherwise collapse the system into an eigen-state of its Hamiltonian, are
very slow for complicated systems: often very slow compared with the age of
the universe, and certainly very slow compared with the rate of occurrence of
measurement-like interactions with the outside world, which collapse the system
into eigen-states of operators other than the Hamiltonian. Therefore, it can’t
be guaranteed that the model which implements a Schro¨dinger equation with
the most realistic Hamiltonian will always be the most useful in describing the
real behaviour of the system.
I might be inclined to add to this a very different argument [8] for not always
preferring the most first-principles model, but this isn’t the time or the place
for my speculations on mathematical philosophy. Anyone who has a burning
desire to hear them can find them via the reference on the slide.
Thirdly, it’s worth commenting on the effect on the polarization of transmit-
ted waves, due to spin-dependent loss of electrons to inelastic processes, which
was noted by Weber et al. [17]. At first glance, our classical-field analysis ap-
pears to be entirely elastic. However, it is capable of assimilating the effect of
these processes, which will appear as imaginary parts in the electric potential
and magnetic flux density.
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6 Conclusions
OK. What have we learnt?
• The spin polarization of the reflected electron beam from a bulk magnetic
surface, in the model described, is this:
P = − 4e
2h¯meV1B1
12e2m2eV
2
1
+ e2h¯2B2
1
+O({y1, z1}). (11)
• The extension of the model to multi-layer systems is likely to be a trivial,
but time-consuming, mathematical task.
• Two other, similar models are planned, one of which differs from this by
the use of a more “first-principles” treatment of the Zeeman energy, and
the other by a fully classical treatment of the reflection process, and
• there is a strong case for retaining all three models, and using Bayesian
statistics to compare them in the light of experimental data, rather than
discarding all but the most “first-principles” model.
Thank you for listening. I’ll show the slides of references gradually, while I
field some questions. This actually
failed to hap-
pen, except for
the first four
references:
answering the
questions kept
me too busy
to change over
the slides. If
you’re reading
this document
because you
wanted to
know about
the references,
you’re in luck.
They’re here,
and numbered
in the same
way as in the
slides.
7 Supplementary Mathematical Details
7.1 Amplitude Reflection Coefficient for an Electron Pure
State, at a Single Step in Electric Potential and Mag-
netic Flux Density
The incident and transmitted electron waves are modelled (figure 2) as plane
waves, allowing the well-defined wave-vector components p in the plane of the
interface, and qi perpendicular to the interface. p must be the same for all the
waves, in order to satisfy the boundary condition of continuity of the wave-
function at the interface. The amplitude reflection coefficient is [16]
r01 =
q0 − q1
q0 + q1
, (12)
or, for a general interface,
rij =
qi − qj
qi + qj
. (13)
Next, we need to build an expression for the energy of the electrons. There
will be kinetic energy terms, which, in the non-relativistic limit, are
h¯2p2
2me
,
and
h¯2q2i
2me
,
along with an electrostatic potential energy
−eVi,
and a term due to the torque, on the electron magnetic moment, in a magnetic
field [16]
eh¯Bi cosSi
2me
,
where Si is the angle between the electron spin and the magnetic flux density.
The form of this last term assumes a well-defined energy for all values of Si.
Strictly, only certain Si values are eigen-states of a Hamiltonian which includes
a magnetic field; more about this later (section 5.) The total energy is
E =
h¯2p2
2me
+
h¯2q2i
2me
− eVi + eh¯Bi cosSi
2me
, (14)
or, where p is expressed as a fraction sin I of the total wave-number in the
absence of any potential, I being an angle of incidence like that in figure 1,
E = E sin2 I +
h¯2q2i
2me
− eVi + eh¯Bi cosSi
2me
(15)
⇒ qi =
(
2meE cos
2 I
h¯2
)1/2(
1 +
eVi
E cos2 I
− eh¯Bi cosSi
2meE cos2 I
)1/2
=
(
2meE cos
2 I
h¯2
)1/2
(1 + xi)
1/2, (16)
where xi = yi + zi cosSi, yi =
eVi
E cos2 I , and zi = − eh¯Bi2meE cos2 I .
We now use a binomial expansion [6] for the case where the potential energy
terms are much smaller than the total electron energy, where the dimensionless
numbers we’ve just devised are small. The magnetic term associated with the
Weiss field in a ferromagnet is [15] a few tenths of an electron-volt, and the
electrostatic contact potentials in the metals which we study will not be more
than a few volts, whereas, in our experimental set-up, the incident electron
energies range from a few hundred to a few thousand electron volts, so this
approximation seems reasonable.
qi =
(
2meE cos
2 I
h¯2
)1/2(
1 +
1
2
xi − 1
8
x2i +O(x
3
i )
)
. (17)
The amplitude reflection coefficient is, therefore,
rij =
1
2
(
1
2
xi − 1
2
xj +
1
8
x2j −
1
8
x2i +O({xi, xj}3)
)(
1 +
1
4
xi +
1
4
xj − 1
16
x2i −
1
16
x2j +O({xi, xj}3)
)−1
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=
1
2
(
1
2
xi − 1
2
xj +
1
8
x2j −
1
8
x2i +O({xi, xj}3)
)(
1− 1
4
xi − 1
4
xj +
1
8
x2i +
1
8
xixj +
1
8
x2j +O({xi, xj}3)
)
=
1
2
(
1
2
xi − 1
2
xj − 1
4
x2i −
1
4
xixj +
1
4
x2j +O({xi, xj}3)
)
=
1
4
xi − 1
4
xj − 1
8
x2i −
1
8
xixj +
1
8
x2j +O({xi, xj}3). (18)
7.2 Reflection of an Unpolarized Beam from the Surface
of a Bulk Magnetic Sample
An unpolarized incident electron beam is [10, 11] an incoherent superposition of
pure states representing all directions of the incident spin. Each such direction
can be represented by its spherical polar angle co-ordinates (θ, φ). That is to
say, the incident beam contains a flux of electrons
F1dθdφ = A sin θdθdφ (19)
with polarization direction between θ and θ + dθ, and between φ and φ + dφ.
The flux of such electrons in the reflected beam will, therefore, be
F2dθdφ = |rij |2F1dθdφ. (20)
The reflection from the surface of a bulk sample is to be modelled as a single
reflection, of amplitude reflection coefficient r01, in a situation where V0, B0,
and therefore x0, are all zero. In this case,
r01 = −1
4
x1 +
1
8
x21 +O(x
3
1), (21)
and
|r01|2 = 1
16
x21 −
1
16
x31 +O(x
4
1), (22)
assuming that r01 is real.
If the spherical polar representation (θi, φi) is used for the direction of the
magnetic flux density in region i, then
cosSi = sin θi cosφi sin θ cosφ+ sin θi sinφi sin θ sinφ+ cos θi cos θ. (23)
Therefore,
xi = yi + zi(sin θi cosφi sin θ cosφ+ sin θi sinφi sin θ sinφ+ cos θi cos θ). (24)
The polarization of the pure state represented by (θ, φ), in the Cartesian
co-ordinate system associated with this spherical polar system, is
P(θ, φ) = (sin θ cosφ, sin θ sinφ, cos θ), (25)
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and the average polarization of the reflected beam is
P =
∫ pi
θ=0
∫ 2pi
φ=0
P(θ, φ)F2dθdφ∫ pi
θ=0
∫ 2pi
φ=0
F2dθdφ
=
∫ pi
θ=0
∫ 2pi
φ=0
(sin θ cosφ, sin θ sinφ, cos θ)|r01|2F1dθdφ∫ pi
θ=0
∫ 2pi
φ=0 |r01|2F1dθdφ
=
∫ pi
θ=0
∫ 2pi
φ=0(sin θ cosφ, sin θ sinφ, cos θ)
(
1
16
x21 − 116x31 +O(x41)
)
sin θdθdφ∫ pi
θ=0
∫ 2pi
φ=0
(
1
16
x2
1
− 1
16
x3
1
+O(x4
1
)
)
sin θdθdφ
=
(I2 − I6, I3 − I7, I4 − I8) +O({y1, z1}4)
I1 − I5 +O({y1, z1}4) . (26)
The crucial integrals are
I1 =
∫ pi
θ=0
∫ 2pi
φ=0
x21 sin θdθdφ
=
∫ pi
θ=0
∫ 2pi
φ=0
(y1 + z1(sin θ1 cosφ1 sin θ cosφ+ sin θ1 sinφ1 sin θ sinφ+ cos θ1 cos θ))
2 sin θdθdφ
=
∫ pi
θ=0
∫ 2pi
φ=0
(y21 sin θ
+2y1z1(sin θ1 cosφ1 sin
2 θ cosφ+ sin θ1 sinφ1 sin
2 θ sinφ+ cos θ1 sin θ cos θ)
+z21(sin
2 θ1 cos
2 φ1 sin
3 θ cos2 φ+ 2 sin2 θ1 sinφ1 cosφ1 sin
3 θ sinφ cosφ
+2 sin θ1 cos θ1 cosφ1 sin
2 θ cos θ cosφ+ sin2 θ1 sin
2 φ1 sin
3 θ sin2 φ
+2 sin θ1 cos θ1 sinφ1 sin
2 θ cos θ sinφ+ cos2 θ1 sin θ cos
2 θ))dθdφ
= 4piy21 +
4piz21
3
, (27)
I2 =
∫ pi
θ=0
∫ 2pi
φ=0
x21 sin
2 θ cosφdθdφ
=
∫ pi
θ=0
∫ 2pi
φ=0
(y1 + z1(sin θ1 cosφ1 sin θ cosφ+ sin θ1 sinφ1 sin θ sinφ+ cos θ1 cos θ))
2 sin2 θ cosφdθdφ
=
∫ pi
θ=0
∫ 2pi
φ=0
(y21 sin
2 θ cosφ
+2y1z1(sin θ1 cosφ1 sin
3 θ cos2 φ+ sin θ1 sinφ1 sin
3 θ sinφ cosφ+ cos θ1 sin
2 θ cos θ cosφ)
+z21(sin
2 θ1 cos
2 φ1 sin
4 θ cos3 φ+ 2 sin2 θ1 sinφ1 cosφ1 sin
4 θ sinφ cos2 φ
+2 sin θ1 cos θ1 cosφ1 sin
3 θ cos θ cos2 φ+ sin2 θ1 sin
2 φ1 sin
4 θ sin2 φ cosφ
+2 sin θ1 cos θ1 sinφ1 sin
3 θ cos θ sinφ cosφ+ cos2 θ1 sin
2 θ cos2 θ cosφ))dθdφ
=
8piy1z1 sin θ1 cosφ1
3
, (28)
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I3 =
∫ pi
θ=0
∫ 2pi
φ=0
x21 sin
2 θ sinφdθdφ
=
∫ pi
θ=0
∫ 2pi
φ=0
(y1 + z1(sin θ1 cosφ1 sin θ cosφ+ sin θ1 sinφ1 sin θ sinφ+ cos θ1 cos θ))
2 sin2 θ sinφdθdφ
=
∫ pi
θ=0
∫ 2pi
φ=0
(y21 sin
2 θ sinφ
+2y1z1(sin θ1 cosφ1 sin
3 θ sinφ cosφ+ sin θ1 sinφ1 sin
3 θ sin2 φ+ cos θ1 sin
2 θ cos θ sinφ)
+z21(sin
2 θ1 cos
2 φ1 sin
4 θ sinφ cos2 φ+ 2 sin2 θ1 sinφ1 cosφ1 sin
4 θ sin2 φ cosφ
+2 sin θ1 cos θ1 cosφ1 sin
3 θ cos θ sinφ cosφ+ sin2 θ1 sin
2 φ1 sin
4 θ sin3 φ
+2 sin θ1 cos θ1 sinφ1 sin
3 θ cos θ sin2 φ+ cos2 θ1 sin
2 θ cos2 θ sinφ))dθdφ
=
8piy1z1 sin θ1 sinφ1
3
, (29)
I4 =
∫ pi
θ=0
∫ 2pi
φ=0
x21 sin θ cos θdθdφ
=
∫ pi
θ=0
∫ 2pi
φ=0
(y1 + z1(sin θ1 cosφ1 sin θ cosφ+ sin θ1 sinφ1 sin θ sinφ+ cos θ1 cos θ))
2 sin θ cos θdθdφ
=
∫ pi
θ=0
∫ 2pi
φ=0
(y21 sin θ cos θ
+2y1z1(sin θ1 cosφ1 sin
2 θ cos θ cosφ+ sin θ1 sinφ1 sin
2 θ cos θ sinφ+ cos θ1 sin θ cos
2 θ)
+z21(sin
2 θ1 cos
2 φ1 sin
3 θ cos θ cos2 φ+ 2 sin2 θ1 sinφ1 cosφ1 sin
3 θ cos θ sinφ cosφ
+2 sin θ1 cos θ1 cosφ1 sin
2 θ cos2 θ cosφ+ sin2 θ1 sin
2 φ1 sin
3 θ cos θ sin2 φ
+2 sin θ1 cos θ1 sinφ1 sin
2 θ cos2 θ sinφ+ cos2 θ1 sin θ cos
3 θ))dθdφ
=
8piy1z1 cos θ1
3
, (30)
I5 =
∫ pi
θ=0
∫ 2pi
φ=0
x31 sin θdθdφ
=
∫ pi
θ=0
∫ 2pi
φ=0
(y1 + z1(sin θ1 cosφ1 sin θ cosφ+ sin θ1 sinφ1 sin θ sinφ+ cos θ1 cos θ))
3 sin θdθdφ
=
∫ pi
θ=0
∫ 2pi
φ=0
(y31 sin θ
+3y21z1(sin θ1 cosφ1 sin
2 θ cosφ+ sin θ1 sinφ1 sin
2 θ sinφ+ cos θ1 sin θ cos θ)
+3y1z
2
1(sin
2 θ1 cos
2 φ1 sin
3 θ cos2 φ+ 2 sin2 θ1 sinφ1 cosφ1 sin
3 θ sinφ cosφ
+2 sin θ1 cos θ1 cosφ1 sin
2 θ cos θ cosφ+ sin2 θ1 sin
2 φ1 sin
3 θ sin2 φ
+2 sin θ1 cos θ1 sinφ1 sin
2 θ cos θ sinφ+ cos2 θ1 sin θ cos
2 θ)
+z31(sin
3 θ1 cos
3 φ1 sin
4 θ cos3 φ+ 3 sin3 θ1 sinφ1 cos
2 φ1 sin
4 θ sinφ cos2 φ
+3 sin2 θ1 cos θ1 cos
2 φ1 sin
3 θ cos θ cos2 φ+ 3 sin3 θ1 sin
2 φ1 cosφ1 sin
4 θ sin2 φ cosφ
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+6 sin2 θ1 cos θ1 sinφ1 cosφ1 sin
3 θ cos θ sinφ cosφ+ 3 sin θ1 cos
2 θ1 cosφ1 sin
2 θ cos2 θ cosφ
+sin3 θ1 sin
3 φ1 sin
4 θ sin3 φ+ 3 sin2 θ1 cos θ1 sin
2 φ1 sin
3 θ cos θ sin2 φ
+3 sin θ1 cos
2 θ1 sinφ1 sin
2 θ cos2 θ sinφ+ cos3 θ1 sin θ cos
3 θ))dθdφ
= 4piy1z
2
1 , (31)
I6 =
∫ pi
θ=0
∫ 2pi
φ=0
x31 sin
2 θ cosφdθdφ
=
∫ pi
θ=0
∫ 2pi
φ=0
(y31 sin
2 θ cosφ
+3y21z1(sin θ1 cosφ1 sin
3 θ cos2 φ+ sin θ1 sinφ1 sin
3 θ sinφ cosφ+ cos θ1 sin
2 θ cos θ cosφ)
+3y1z
2
1(sin
2 θ1 cos
2 φ1 sin
4 θ cos3 φ+ 2 sin2 θ1 sinφ1 cosφ1 sin
4 θ sinφ cos2 φ
+2 sin θ1 cos θ1 cosφ1 sin
3 θ cos θ cos2 φ+ sin2 θ1 sin
2 φ1 sin
4 θ sin2 φ cosφ
+2 sin θ1 cos θ1 sinφ1 sin
3 θ cos θ sinφ cosφ+ cos2 θ1 sin
2 θ cos2 θ cosφ)
+z31(sin
3 θ1 cos
3 φ1 sin
5 θ cos4 φ+ 3 sin3 θ1 sinφ1 cos
2 φ1 sin
5 θ sinφ cos3 φ
+3 sin2 θ1 cos θ1 cos
2 φ1 sin
4 θ cos θ cos3 φ+ 3 sin3 θ1 sin
2 φ1 cosφ1 sin
5 θ sin2 φ cos2 φ
+6 sin2 θ1 cos θ1 sinφ1 cosφ1 sin
4 θ cos θ sinφ cos2 φ+ 3 sin θ1 cos
2 θ1 cosφ1 sin
3 θ cos2 θ cos2 φ
+sin3 θ1 sin
3 φ1 sin
5 θ sin3 φ cosφ+ 3 sin2 θ1 cos θ1 sin
2 φ1 sin
4 θ cos θ sin2 φ cosφ
+3 sin θ1 cos
2 θ1 sinφ1 sin
3 θ cos2 θ sinφ cosφ+ cos3 θ1 sin
2 θ cos3 θ cosφ))dθdφ
=
(
4piy21z1 +
4piz31
5
)
sin θ1 cosφ1, (32)
I7 =
∫ pi
θ=0
∫ 2pi
φ=0
x31 sin
2 θ sinφdθdφ
=
∫ pi
θ=0
∫ 2pi
φ=0
(y31 sin
2 θ sinφ
+3y21z1(sin θ1 cosφ1 sin
3 θ sinφ cosφ+ sin θ1 sinφ1 sin
3 θ sin2 φ+ cos θ1 sin
2 θ cos θ sinφ)
+3y1z
2
1(sin
2 θ1 cos
2 φ1 sin
4 θ sinφ cos2 φ+ 2 sin2 θ1 sinφ1 cosφ1 sin
4 θ sin2 φ cosφ
+2 sin θ1 cos θ1 cosφ1 sin
3 θ cos θ sinφ cosφ+ sin2 θ1 sin
2 φ1 sin
4 θ sin3 φ
+2 sin θ1 cos θ1 sinφ1 sin
3 θ cos θ sin2 φ+ cos2 θ1 sin
2 θ cos2 θ sinφ)
+z31(sin
3 θ1 cos
3 φ1 sin
5 θ sinφ cos3 φ+ 3 sin3 θ1 sinφ1 cos
2 φ1 sin
5 θ sin2 φ cos2 φ
+3 sin2 θ1 cos θ1 cos
2 φ1 sin
4 θ cos θ sinφ cos2 φ+ 3 sin3 θ1 sin
2 φ1 cosφ1 sin
5 θ sin3 φ cosφ
+6 sin2 θ1 cos θ1 sinφ1 cosφ1 sin
4 θ cos θ sin2 φ cosφ+ 3 sin θ1 cos
2 θ1 cosφ1 sin
3 θ cos2 θ sinφ cosφ
+sin3 θ1 sin
3 φ1 sin
5 θ sin4 φ+ 3 sin2 θ1 cos θ1 sin
2 φ1 sin
4 θ cos θ sin3 φ
+3 sin θ1 cos
2 θ1 sinφ1 sin
3 θ cos2 θ sin2 φ+ cos3 θ1 sin
2 θ cos3 θ sinφ))dθdφ
=
(
4piy21z1 +
4piz31
5
)
sin θ1 sinφ1, (33)
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and
I8 =
∫ pi
θ=0
∫ 2pi
φ=0
x31 sin θ cos θdθdφ
=
∫ pi
θ=0
∫ 2pi
φ=0
(y31 sin θ cos θ
+3y21z1(sin θ1 cosφ1 sin
2 θ cos θ cosφ+ sin θ1 sinφ1 sin
2 θ cos θ sinφ+ cos θ1 sin θ cos
2 θ)
+3y1z
2
1(sin
2 θ1 cos
2 φ1 sin
3 θ cos θ cos2 φ+ 2 sin2 θ1 sinφ1 cosφ1 sin
3 θ cos θ sinφ cosφ
+2 sin θ1 cos θ1 cosφ1 sin
2 θ cos2 θ cosφ+ sin2 θ1 sin
2 φ1 sin
3 θ cos θ sin2 φ
+2 sin θ1 cos θ1 sinφ1 sin
2 θ cos2 θ sinφ+ cos2 θ1 sin θ cos
3 θ)
+z31(sin
3 θ1 cos
3 φ1 sin
4 θ cos θ cos3 φ+ 3 sin3 θ1 sinφ1 cos
2 φ1 sin
4 θ cos θ sinφ cos2 φ
+3 sin2 θ1 cos θ1 cos
2 φ1 sin
3 θ cos2 θ cos2 φ+ 3 sin3 θ1 sin
2 φ1 cosφ1 sin
4 θ cos θ sin2 φ cosφ
+6 sin2 θ1 cos θ1 sinφ1 cosφ1 sin
3 θ cos2 θ sinφ cosφ+ 3 sin θ1 cos
2 θ1 cosφ1 sin
2 θ cos3 θ cosφ
+sin3 θ1 sin
3 φ1 sin
4 θ cos θ sin3 φ+ 3 sin2 θ1 cos θ1 sin
2 φ1 sin
3 θ cos2 θ sin2 φ
+3 sin θ1 cos
2 θ1 sinφ1 sin
2 θ cos3 θ sinφ+ cos3 θ1 sin θ cos
4 θ))dθdφ
=
(
4piy21z1 +
4piz31
5
)
cos θ1. (34)
This gives a polarization
P =
(I2 − I6, I3 − I7, I4 − I8) +O({y1, z1}4)
I1 − I5 +O({y1, z1}4)
=
(10y1z1 − 15y21z1 − 3z31)(sin θ1 cosφ1, sin θ1 sinφ1, cos θ1) +O({y1, z1}4)
15y2
1
+ 5z2
1
− 15y1z21 +O({y1, z1}4)
=
(10y1z1 − 15y21z1 − 3z31)Bˆ1 +O({y1, z1}4)
15y2
1
+ 5z2
1
(
1− 5y1z
2
1
3y2
1
+ z2
1
+O({y1, z1}2)
)−1
=
2y1z1Bˆ1
3y2
1
+ z2
1
+
(36y21z
3
1 − 45y41z1 − 3z51)Bˆ1
45y4
1
+ 30y2
1
z2
1
+ 5z4
1
+O({y1, z1}2), (35)
where Bˆ1 is a unit vector, in the direction of the magnetic flux density in region
1.
A GNU Free Documentation License
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Copyright c© 2000 Free Software Foundation, Inc.
59 Temple Place, Suite 330, Boston, MA 02111-1307 USA
Everyone is permitted to copy and distribute verbatim copies of this license
document, but changing it is not allowed.
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Preamble
The purpose of this License is to make a manual, textbook, or other written doc-
ument “free” in the sense of freedom: to assure everyone the effective freedom
to copy and redistribute it, with or without modifying it, either commercially
or noncommercially. Secondarily, this License preserves for the author and pub-
lisher a way to get credit for their work, while not being considered responsible
for modifications made by others.
This License is a kind of “copyleft”, which means that derivative works of the
document must themselves be free in the same sense. It complements the GNU
General Public License, which is a copyleft license designed for free software.
We have designed this License in order to use it for manuals for free software,
because free software needs free documentation: a free program should come
with manuals providing the same freedoms that the software does. But this
License is not limited to software manuals; it can be used for any textual work,
regardless of subject matter or whether it is published as a printed book. We
recommend this License principally for works whose purpose is instruction or
reference.
A.1 Applicability and Definitions
This License applies to any manual or other work that contains a notice placed
by the copyright holder saying it can be distributed under the terms of this
License. The “Document”, below, refers to any such manual or work. Any
member of the public is a licensee, and is addressed as “you”.
A “Modified Version” of the Document means any work containing the Doc-
ument or a portion of it, either copied verbatim, or with modifications and/or
translated into another language.
A “Secondary Section” is a named appendix or a front-matter section of
the Document that deals exclusively with the relationship of the publishers
or authors of the Document to the Document’s overall subject (or to related
matters) and contains nothing that could fall directly within that overall subject.
(For example, if the Document is in part a textbook of mathematics, a Secondary
Section may not explain any mathematics.) The relationship could be a matter
of historical connection with the subject or with related matters, or of legal,
commercial, philosophical, ethical or political position regarding them.
The “Invariant Sections” are certain Secondary Sections whose titles are
designated, as being those of Invariant Sections, in the notice that says that the
Document is released under this License.
The “Cover Texts” are certain short passages of text that are listed, as Front-
Cover Texts or Back-Cover Texts, in the notice that says that the Document is
released under this License.
A “Transparent” copy of the Document means a machine-readable copy,
represented in a format whose specification is available to the general public,
whose contents can be viewed and edited directly and straightforwardly with
generic text editors or (for images composed of pixels) generic paint programs
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or (for drawings) some widely available drawing editor, and that is suitable for
input to text formatters or for automatic translation to a variety of formats
suitable for input to text formatters. A copy made in an otherwise Transparent
file format whose markup has been designed to thwart or discourage subsequent
modification by readers is not Transparent. A copy that is not “Transparent”
is called “Opaque”.
Examples of suitable formats for Transparent copies include plain ASCII
without markup, Texinfo input format, LATEX input format, SGML or XML us-
ing a publicly available DTD, and standard-conforming simple HTML designed
for human modification. Opaque formats include PostScript, PDF, proprietary
formats that can be read and edited only by proprietary word processors, SGML
or XML for which the DTD and/or processing tools are not generally available,
and the machine-generated HTML produced by some word processors for output
purposes only.
The “Title Page” means, for a printed book, the title page itself, plus such
following pages as are needed to hold, legibly, the material this License requires
to appear in the title page. For works in formats which do not have any title
page as such, “Title Page” means the text near the most prominent appearance
of the work’s title, preceding the beginning of the body of the text.
A.2 Verbatim Copying
You may copy and distribute the Document in any medium, either commercially
or noncommercially, provided that this License, the copyright notices, and the
license notice saying this License applies to the Document are reproduced in
all copies, and that you add no other conditions whatsoever to those of this
License. You may not use technical measures to obstruct or control the reading
or further copying of the copies you make or distribute. However, you may
accept compensation in exchange for copies. If you distribute a large enough
number of copies you must also follow the conditions in section 3.
You may also lend copies, under the same conditions stated above, and you
may publicly display copies.
A.3 Copying in Quantity
If you publish printed copies of the Document numbering more than 100, and
the Document’s license notice requires Cover Texts, you must enclose the copies
in covers that carry, clearly and legibly, all these Cover Texts: Front-Cover Texts
on the front cover, and Back-Cover Texts on the back cover. Both covers must
also clearly and legibly identify you as the publisher of these copies. The front
cover must present the full title with all words of the title equally prominent
and visible. You may add other material on the covers in addition. Copying
with changes limited to the covers, as long as they preserve the title of the
Document and satisfy these conditions, can be treated as verbatim copying in
other respects.
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If the required texts for either cover are too voluminous to fit legibly, you
should put the first ones listed (as many as fit reasonably) on the actual cover,
and continue the rest onto adjacent pages.
If you publish or distribute Opaque copies of the Document numbering
more than 100, you must either include a machine-readable Transparent copy
along with each Opaque copy, or state in or with each Opaque copy a publicly-
accessible computer-network location containing a complete Transparent copy
of the Document, free of added material, which the general network-using public
has access to download anonymously at no charge using public-standard net-
work protocols. If you use the latter option, you must take reasonably prudent
steps, when you begin distribution of Opaque copies in quantity, to ensure that
this Transparent copy will remain thus accessible at the stated location until
at least one year after the last time you distribute an Opaque copy (directly or
through your agents or retailers) of that edition to the public.
It is requested, but not required, that you contact the authors of the Doc-
ument well before redistributing any large number of copies, to give them a
chance to provide you with an updated version of the Document.
A.4 Modifications
You may copy and distribute a Modified Version of the Document under the
conditions of sections 2 and 3 above, provided that you release the Modified
Version under precisely this License, with the Modified Version filling the role
of the Document, thus licensing distribution and modification of the Modified
Version to whoever possesses a copy of it. In addition, you must do these things
in the Modified Version:
• Use in the Title Page (and on the covers, if any) a title distinct from that
of the Document, and from those of previous versions (which should, if
there were any, be listed in the History section of the Document). You
may use the same title as a previous version if the original publisher of
that version gives permission.
• List on the Title Page, as authors, one or more persons or entities respon-
sible for authorship of the modifications in the Modified Version, together
with at least five of the principal authors of the Document (all of its prin-
cipal authors, if it has less than five).
• State on the Title page the name of the publisher of the Modified Version,
as the publisher.
• Preserve all the copyright notices of the Document.
• Add an appropriate copyright notice for your modifications adjacent to
the other copyright notices.
• Include, immediately after the copyright notices, a license notice giving
the public permission to use the Modified Version under the terms of this
License, in the form shown in the Addendum below.
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• Preserve in that license notice the full lists of Invariant Sections and re-
quired Cover Texts given in the Document’s license notice.
• Include an unaltered copy of this License.
• Preserve the section entitled “History”, and its title, and add to it an item
stating at least the title, year, new authors, and publisher of the Modified
Version as given on the Title Page. If there is no section entitled “History”
in the Document, create one stating the title, year, authors, and publisher
of the Document as given on its Title Page, then add an item describing
the Modified Version as stated in the previous sentence.
• Preserve the network location, if any, given in the Document for public
access to a Transparent copy of the Document, and likewise the network
locations given in the Document for previous versions it was based on.
These may be placed in the “History” section. You may omit a network
location for a work that was published at least four years before the Doc-
ument itself, or if the original publisher of the version it refers to gives
permission.
• In any section entitled “Acknowledgements” or “Dedications”, preserve
the section’s title, and preserve in the section all the substance and tone
of each of the contributor acknowledgements and/or dedications given
therein.
• Preserve all the Invariant Sections of the Document, unaltered in their text
and in their titles. Section numbers or the equivalent are not considered
part of the section titles.
• Delete any section entitled “Endorsements”. Such a section may not be
included in the Modified Version.
• Do not retitle any existing section as “Endorsements” or to conflict in title
with any Invariant Section.
If the Modified Version includes new front-matter sections or appendices
that qualify as Secondary Sections and contain no material copied from the
Document, you may at your option designate some or all of these sections as
invariant. To do this, add their titles to the list of Invariant Sections in the
Modified Version’s license notice. These titles must be distinct from any other
section titles.
You may add a section entitled “Endorsements”, provided it contains nothing
but endorsements of your Modified Version by various parties – for example,
statements of peer review or that the text has been approved by an organization
as the authoritative definition of a standard.
You may add a passage of up to five words as a Front-Cover Text, and a
passage of up to 25 words as a Back-Cover Text, to the end of the list of Cover
Texts in the Modified Version. Only one passage of Front-Cover Text and one
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of Back-Cover Text may be added by (or through arrangements made by) any
one entity. If the Document already includes a cover text for the same cover,
previously added by you or by arrangement made by the same entity you are
acting on behalf of, you may not add another; but you may replace the old one,
on explicit permission from the previous publisher that added the old one.
The author(s) and publisher(s) of the Document do not by this License give
permission to use their names for publicity for or to assert or imply endorsement
of any Modified Version.
A.5 Combining Documents
You may combine the Document with other documents released under this Li-
cense, under the terms defined in section 4 above for modified versions, provided
that you include in the combination all of the Invariant Sections of all of the
original documents, unmodified, and list them all as Invariant Sections of your
combined work in its license notice.
The combined work need only contain one copy of this License, and multiple
identical Invariant Sections may be replaced with a single copy. If there are
multiple Invariant Sections with the same name but different contents, make
the title of each such section unique by adding at the end of it, in parentheses,
the name of the original author or publisher of that section if known, or else a
unique number. Make the same adjustment to the section titles in the list of
Invariant Sections in the license notice of the combined work.
In the combination, you must combine any sections entitled “History” in
the various original documents, forming one section entitled “History”; likewise
combine any sections entitled “Acknowledgements”, and any sections entitled
“Dedications”. You must delete all sections entitled “Endorsements.”
A.6 Collections of Documents
You may make a collection consisting of the Document and other documents
released under this License, and replace the individual copies of this License
in the various documents with a single copy that is included in the collection,
provided that you follow the rules of this License for verbatim copying of each
of the documents in all other respects.
You may extract a single document from such a collection, and distribute it
individually under this License, provided you insert a copy of this License into
the extracted document, and follow this License in all other respects regarding
verbatim copying of that document.
A.7 Aggregation With Independent Works
A compilation of the Document or its derivatives with other separate and in-
dependent documents or works, in or on a volume of a storage or distribution
medium, does not as a whole count as a Modified Version of the Document,
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provided no compilation copyright is claimed for the compilation. Such a com-
pilation is called an “aggregate”, and this License does not apply to the other
self-contained works thus compiled with the Document, on account of their be-
ing thus compiled, if they are not themselves derivative works of the Document.
If the Cover Text requirement of section 3 is applicable to these copies of the
Document, then if the Document is less than one quarter of the entire aggregate,
the Document’s Cover Texts may be placed on covers that surround only the
Document within the aggregate. Otherwise they must appear on covers around
the whole aggregate.
A.8 Translation
Translation is considered a kind of modification, so you may distribute transla-
tions of the Document under the terms of section 4. Replacing Invariant Sections
with translations requires special permission from their copyright holders, but
you may include translations of some or all Invariant Sections in addition to
the original versions of these Invariant Sections. You may include a translation
of this License provided that you also include the original English version of
this License. In case of a disagreement between the translation and the original
English version of this License, the original English version will prevail.
A.9 Termination
You may not copy, modify, sublicense, or distribute the Document except as
expressly provided for under this License. Any other attempt to copy, modify,
sublicense or distribute the Document is void, and will automatically terminate
your rights under this License. However, parties who have received copies, or
rights, from you under this License will not have their licenses terminated so
long as such parties remain in full compliance.
A.10 Future Revisions of This License
The Free Software Foundation may publish new, revised versions of the GNU
Free Documentation License from time to time. Such new versions will be
similar in spirit to the present version, but may differ in detail to address new
problems or concerns. See http://www.gnu.org/copyleft/.
Each version of the License is given a distinguishing version number. If
the Document specifies that a particular numbered version of this License ”or
any later version” applies to it, you have the option of following the terms and
conditions either of that specified version or of any later version that has been
published (not as a draft) by the Free Software Foundation. If the Document
does not specify a version number of this License, you may choose any version
ever published (not as a draft) by the Free Software Foundation.
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ADDENDUM: How to use this License for your documents
To use this License in a document you have written, include a copy of the License
in the document and put the following copyright and license notices just after
the title page:
Copyright c© YEAR YOUR NAME. Permission is granted to copy,
distribute and/or modify this document under the terms of the GNU
Free Documentation License, Version 1.1 or any later version pub-
lished by the Free Software Foundation; with the Invariant Sec-
tions being LIST THEIR TITLES, with the Front-Cover Texts being
LIST, and with the Back-Cover Texts being LIST. A copy of the li-
cense is included in the section entitled “GNU Free Documentation
License”.
If you have no Invariant Sections, write “with no Invariant Sections” instead
of saying which ones are invariant. If you have no Front-Cover Texts, write
“no Front-Cover Texts” instead of “Front-Cover Texts being LIST”; likewise for
Back-Cover Texts.
If your document contains nontrivial examples of program code, we recom-
mend releasing these examples in parallel under your choice of free software
license, such as the GNU General Public License, to permit their use in free
software.
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